Piecewise flat space-time is equipped with a set of edge lengths and vertex coordinates. This allows us to define a piecewise affine metric, the discrete analogue of the unique torsion-free metric-compatible Levi-Civita affine connection (or the Christoffel symbols) mentioned in the literature and, substituting this into the affine-connection form of the Regge action of our previous work, we get a second order form of the action. This can be expanded over metric variations from simplex to simplex. For a particular periodic simplicial structure and coordinates of the vertices, the leading order over metric variations is found to coincide with a certain finite difference form of the Hilbert-Einstein action.
Introduction
The coordinateless description of general relativity (GR) proposed by Regge [1] and later called Regge calculus was subsequently used in both the classical and quantum approaches to GR, see, eg, [2] . This is a minisuperspace formulation of GR on a special (but everywhere dense in the configuration superspace of GR in an appropriate topology) class of the Riemannian spacetimes, namely, the piecewise flat ones. The latter means that the curvature lives on a set of zero 4-dimensional measure. Such a spacetime can be represented as a collection of the flat 4-dimensional tetrahedra or 4-simplices.
The curvature is a δ-function with support on the triangles or 2-simplices. The geometry is completely specified by the lengths of the edges or 1-simplices. Some functions on such a spacetime, including the GR action, can approximate their counterparts on the continuum spacetime with arbitrarily high accuracy [3] . The discreteness of the set of variables, edge lengths, is important for its use in quantum theory [4] , where the usual continuum formulation of GR is not formally renormalizable. Also in a quantization approach using a simplicial decomposition of spacetime, Causal Dynamical Triangulations, important results were obtained [5] .
The GR action R √ gd 4 x on the piecewise flat spacetime or the Regge action is a sum over the triangles σ 2 ,
where α(σ 2 ) is the defect angle characterizing the curvature (2π minus the sum of the dihedral angles between the 3-simplices σ 3 ⊃ σ 2 ), A(σ 2 ) is the area of σ 2 . We consider the Euclidean metric signature (+, +, +, +) for simplicity.
The defect angle refers to all the 3-simplices or 4-simplices meeting at σ 2 as a whole, without division into certain contributions of individual simplices. At the same time, in the continuum GR action, R is constructed of the Christoffel symbols Γ λ µν ( g λµ ), which can be heuristically considered as corresponding to contributions into the curvature from certain directions or coordinate planes. To make the discrete expression more visual and similar to the continuum formula, we can construct the Regge action from matrices of a discrete connection. This requires a metric. To provide this, we should specify, in addition to the lengths for the edges σ 1 , also the coordinates for the vertices σ 0 . This allows us to define a piecewise affine metric that is constant in the 4-simplices.
The final answer should not depend on the coordinates, but their knowledge allows us to distribute contributions to the curvature of the 3-planes of the 3-simplices in a convenient way.
The problem of defining and calculating a discrete connection was addressed in the literature. It was noted in [6] that the matrix which describes the parallel transport of any vector from one simplex to another neighboring one is related to the path-ordered exponential of the integral of the connection Γ λ µν . In [7] , the connection field Γ α βγ on the simplicial manifold was obtained in some cases as having a certain (regularized) delta-function form with support on 3-faces. There, a discrete torsion contribution from the connection was of interest. The Christoffel choice of connection was considered in [8] . Parallel transport and a simplicial analogue of the covariant derivative of a vector in a simplicial lattice was considered in [9] . A discrete affine connection was considered in [10] . We have considered the simplicial manifold and a piecewise-affine coordinate frame on it specified by attributing coordinates to the vertices [11] . Then we can introduce affine connection matrices (from GL(4,R) group) on the 3-faces. There, we considered them independent matrix variables; now we would like to fix them as a discrete analogue of the unique torsion-free metric-compatible (Levi-Civita) affine connection Γ λ µν . Namely, in the present paper, we first consider general expressions for the connection and curvature matrices, mention some of their properties and write out the exact form of the action in terms of the metric. Then we specify this for a particular simplicial structure (the periodic one earlier used, eg, in [12] ) and coordinates of the vertices, consider the leading order over variations of the metric from simplex to simplex, give some examples of the connection and curvature matrices and show that the leading order of the action over metric variations (which just survives in the continuum limit) is a certain finite difference form of the Einstein action.
2 The discrete connection and action in terms of the metric Consider a 3-face σ 3 shared by two 4-simplices whose vertices complementary to σ 3 are denoted P and Q. These 4-simplices will be denoted as σ 3 P and σ 3 Q. The vertices are assigned some coordinates, and we have a piecewise constant metric equal to g λµ (σ 3 P ) and g λµ (σ 3 Q) in these 4-simplices, and a triplet of vectors l 
if the vertices of σ 3 are σ 0 = 1, 2, 3, O. Let us define the result of the parallel transport of a vector from σ 3 P to σ 3 Q across the 3-face σ 3 . For that, we transport as basis vectors l i , i = 1, 2, 3 and the unit normal to σ 3 ,
ǫ λµνρ being the naive (±1) antisymmetric tensor. Then we can determine the matrix M λ σ 3 µ performing the parallel transport of a (contravariant) vector from σ 3 P to σ 3 Q by the condition that it acts on l µ i , i = 1, 2, 3, identically and transforms n µ (σ
This takes into account the unambiguity of the metric induced on the 3-face σ 3 , in particular,
in the denominator in (4) ( ∝ the volume of σ 3 squared, (6V σ 3 ) 2 ).
Interchanging P and Q in M σ 3 we get such a matrix describing the transport from σ 3 Q to σ 3 P , which we denote as M σ 3 where σ 3 stands for the same σ 3 , but in this sense with a reversed orientation. Of course,
as it should be. It's easy to see using
which is obtained by taking into account the condition (5).
Also the construction provides that M is a metric-compatible connection,
By explicitly checking this with taking into account (5), we get the formula
The matrix in the first parenthesis, in fact, depends only on the metric induced on σ 3 . Indeed, in the coordinate axes l λ I , I = 1, 2, 3, P , three of which coincide with l λ i , i = 1, 2, 3, and the fourth is associated, say, with the vertex P ,
this matrix reads
The matrix in the square brackets here is a nondegenerate 3×3 block
, bordered with zeros at I = P and/or J = P . This block is the inverse
l is just the metric induced on σ 3 , which is unambiguous, regardless of whether from σ 3 P or σ 3 Q this face is reached,
Therefore
in (9) can equally be taken at g λµ = g λµ (σ 3 Q) thus giving g λµ (σ 3 Q) in (9), the RHS of (8) .
Besides that, it is natural that M σ 3 could be given by the path-ordered exponential
of the integral C Γ λ dx λ along a path C passing through σ 3 from any internal point of σ 3 P to any internal point of σ 3 Q. (Here, the stepwise metric field is implied to be a limit of a regularized smooth function.) This is easy to see for small variations of the metric when we take the linear over Γ n (and will be denoted as
The holonomy reads
In this formula, all the M act in the same direction along the loop enclosing σ 2 . Then these M can enter in the form M −1 in the formulas for other R σ 2 . This acts in the starting 4-simplex σ
gives that this is a rotation,
, this is a rotation around σ 2 , and it is the rotation by the defect angle α(σ 2 ). Extracting this defect angle from the matrix R σ 2 , we can write out S (1) (as in our paper [11] with taking into account (18)),
The action is nonzero due to nonzero variations of the metric, δg λµ , more exactly, variations of the variable g λµ √ g from simplex to simplex, δ(g λµ √ g), over which M are linear. If the skeleton structure and the vertex coordinates are symmetric enough, each σ 3 is accompanied by aσ 3 symmetric to it with respect to their common face σ 2 with the same orientation relative to the x λ coordinate axes, but passable in the opposite direction along the loop enclosing σ 2 . Then
if the metric varies slowly from simplex to simplex. Then the leading order of the action over metric variations (which order only survives in the continuum limit) is given by
3 Specifying the description for a particular simplicial structure
As a working example, we use the simplest periodic skeleton structure with the hypercubic cell divided by diagonals into 24 4-simplices (used, eg, in [12] ). We introduce the notation for the simplices referred to a given 4-cube or to a given vertex O as to the origin. Direct the x λ axes along the sides of the 4-cube. In particular, λ is the 4-cube edge along x λ . We denote any simplex formed by shifts along the diagonals and edges, by the ordered sequence of these diagonals and edges.
We will omit the brackets () and [] in cases where this does not cause confusion. In overall, we have the following simplices at the vertex O.
1) 15 edges λ, λµ, λµν, 1234
2) 50 2-simplices (triangles) λµ, (λµ)ν, λ(µν), λ(µνρ), (λµν)ρ, (λµ)(νρ)
3) 60 3-simplices (tetrahedra) λµν, (λµ)νρ, λ(µν)ρ, λµ(νρ) (the last three types will be denoted dνρ, λdρ, λµd, respectively, where "d" means "diagonal")
4) 24 4-simplices λµνρ
The shift operator along the edge (λ .
By choosing the initial tetrahedra and the directions of the action of the matrices M σ 3 in a certain way, the matrices R σ 2 can be written as follows. 2, 3 ). . . ,
41d .
These equations define 25 matrices R. The remaining 25 matrices are obtained by
This defines the action (19).
The construction is invariant with respect to an arbitrary change of the coordinates of the vertices, which is an analogue of a diffeomorphism in the continuum theory. To fix the (piecewise affine) frame, we choose the coordinates of the vertices to run over the fours of integers (n 1 , n 2 , n 3 , n 4 ). The components of the metric tensor which obey the 3-face metric unambiguity conditions (12) are (here implicitly) certain combinations of invariants -the edge lengths squared.
Small metric variations
Now we expand over the metric variations and find the leading δ 2 g-plus (δg) 2 -terms in the action. It is convenient to write the matrices M in the form
that is, first we lower the contravariant index on M −1. It is convenient to temporarily pass locally to the coordinate axes l λ I (2), (10) so that
In the first order in δg, we can transfer the variation δ from one factor to another (g IK ) using the product differentiating rule,
Remind that δg ij = 0 (12). In the original coordinates, we find
Let us apply this to the 3-face denoted as 123 in the above example of a periodic structure and formed by the successive shifts of the origin O along the axes
Here we have the following vectors l I ,
Here δ 4 means the variation corresponding to passing across the hyperplane x 4 = 0 in the positive direction of x 4 .
The diagonal 3-face 12d is formed by the successive shifts along the axes x 1 , x 2 and the diagonal axis x 3 = x 4 . The induced metric on the 3-face is (dx
It should be unambiguous when approaching this face from both sides (the relations (12) for σ 3 = 12d). The vectors of the vertices are
so that
Here δ 4−3 = −δ 3−4 means the variation corresponding to passing across the σ 3 = 12d
in the positive direction of x 4 (and in the negative direction of x 3 ). It is taken into account that the variation δ 4−3 of the induced 3-face metric (27) vanishes due to its unambiguity, for example, δ 4−3 (g 33 + 2g 34 + g 44 ) = 0.
For small variations of the metric, one can obtain the same M, by representing the stepwise metric field as a limit of a smooth function, from the continuum formula, 
for our δ.
Let us illustrate forming the matrices R σ 2 by the example of one of the given above 50 matrices (21) on the linear over metric variations level (δ 2 g-part),
In addition to the orientations of the planes σ 3 for which M σ 3 are given, (26) and (29), there is also the plane 124 with
The other three σ 3 lay in close planes, but are shifted along x 3 , x 4 or x 3 = x 4 and passed in the opposite direction along the loop enclosing σ 2 = 12. This just leads to the δm part of R,
Here, T 4 m 412 , T 3 m 312 , T 34 m d12 have the same functional dependence on the metric on both sides of the 3-faces σ 3 as m 124 , m 123 , m 12d , respectively; a small difference is only in the values of the metric itself. Thus we have
δ 4+3 means the difference operation when passing to that simplex that is at a larger x 3 = the unambiguity of the induced on the 3-faces metric should be taken into account. For example, consider r 12 13 . We use one of the unambiguity conditions δ 4−3 (g 14 + g 13 ) = 0 of the induced metric on the diagonal 3-faces 12d and T 34 d12 (12) . We use such a condition on the 3-faces 123 and T 3 312, δ 4 g 13 = 0. Thus, we form some identically zero expression −δ 4+3 δ 4−3 (g 14 + g 13 ) − δ 3 δ 4 g 13 , which we add to the element of interest and find that it is a cyclic sum of the variations δg 13 ,
Proceeding with the evaluation of the action in the leading order over the metric variations, we consider the sum of the contributions from the triangles σ 2 referred to a certain vertex/4-cube. The function arcsin x in (19) can be taken as x in this order.
Since the matrices R σ 2 already have the required order (δ 2 g-plus (δg) 2 -terms), the metric functions g τ µ (σ 
in the contribution from the 3-prism in the direction (14) (made up of the tetrahedra 23d, 2d3, d23) with the bases σ 2 = 23 and T 14 23 and the internal triangles 2(143) and (214)3. In overall, the linear in m part of the sum (38) is
Upon splitting
, this reads
It is important that now in the form (41) it is sufficient to know m only in the leading order (O(δ)) to get the leading order in the final answer. Geometrically, say, M 4 means the parallel transport matrix along the 4-prism in the direction 4 with the base σ 3 = 123, but in the leading order M 4 can be viewed as referring to six 4-prisms the bases of which are six permutations of 123, that is, to the entire 4-cube.
Consider the m 2 -terms in R. We have expressions of the type 
Such terms in the sum (38) are combined to give
In overall, such sums give the contribution
to the action, where
(It turs out that to get the correct sign in S = R √ gd 4 x, one has to choose for the triangle σ 2 = ρν the following ordering of its edges: σ 
It can be shown that (M 4 ) λµ is the finite difference form of Γ λ,4µ obtained by substituting the derivatives ∂ λ by the operators ∆ λ = 1 − T λ . Indeed, it is sufficient to consider the following five types of elements of the matrix M. 
K λ µνρ is the finite difference form of the Riemannian tensor R λ µνρ .
Conclusion
Our description of the system implies setting the edge lengths and coordinates of the vertices. This allows to define the piecewise constant metric, a finite analogue M For the simplest periodic skeleton structure with the cubic cell and the simplest appropriate choice of the piecewise affine frame (choosing the coordinates of the vertices to run over the fours of integers), we have obtained a certain finite difference form of the Einstein-Hilbert action when approaching the continuum limit, (49).
We have obtained ten components of the metric tensor per cube/vertex as dynamical degrees of freedom in this order. Only finite differences between 4-cubes (and not between neighboring 4-simplices) enter the action in this order. This is equivalent to setting ten out of fifteen edge lengths per cube/vertex, the rest five are expressible as certain combinations of these ten, and their independent dynamics shows up in subsequent orders.
This agrees with [12] where it was shown that the free theory of small fluctuations of the considered Regge skeleton about flat space gives the correct continuum limit.
This paper gives ten dynamical degrees of freedom out of fifteen edge lengths per cube/vertex, the other five decouple.
In subsequent orders over metric variations or in the exact approach, we could continue to use the piecewise constant metric as a variable. But generally the metric variations between 4-simplices enter the action in a non-degenerate way, and the metric unambiguity conditions on the 3-simplices (12) should be taken into account.
Therefore, it is more convenient to substitute the metric in terms of the edge lengths squared in this case (in each 4-simplex the metric is a linear combination of its edge lengths squared).
Then the role of choosing the coordinates of the vertices is in distributing the total curvature on a triangle among the (matrices M on the) tetrahedra containing this triangle. For example, in principle, we can choose the coordinates so that the matrices M be 1 for all but one of the tetrahedra containing the given triangle. An alternative is the above consideration, when M σ 3 depends only on the parameters of the σ 3 environment (two σ 4 containing σ 3 ).
In addition to application for analyzing the effectiveness of the simplicial approx-imation to the continuum, an obvious case of using the considered formalism arises when we analyze the skeleton dynamics itself, and not just try to study the continuum dynamics approximately. The Regge skeleton equations seem to be much more difficult to solve analytically than their continuum counterpart. The expected finite difference form of the Einstein continuum equations, apparently, can be a reasonable intermediate version in complexity.
For example, we can consider discretizing a spherically symmetrical system. As a result, the symmetry will be broken, but the standard view of the situation is that the symmetry should be restored as a result of averaging over all possible kinds of Regge decompositions into the simplices. The case of the Schwarzschild and ReissnerNordstrm geometries was considered in [13] . It turned out to be expedient to use some (fixed) icosahedral decomposition (of three-dimensional space) into tetrahedra, since its symmetry is as close to spherical as possible. There, the elementary lengths obviously depend substantially on the radius.
But we would like to analyze the case when the background elementary lengths due to specific properties of the discrete path integral measure are loosely fixed dynamically at the level of a certain Planck scale value [14] . Here, the use of the above simplest periodic simplicial structure may be appropriate, since it respects the sufficient uniformity of the elementary length scale and at the same time allows simple averaging over the orientation (global) of the cubic axes. This allows us to use the above formalism and in general terms reduce the problem to the analysis of the finite-difference form of the Einstein equations (in asymptotically Cartesian coordinates). The decisive factor is the requirement that at large distances (where the metric variations are small) the solution of interest should pass into a known continuum solution. It is expected that one of the properties of the solution (also analytically extended to non-integer coordinates) will be the absence of infinity in the central singularity. This can be illustrated by the Newtonian problem, in which the finite-difference form of the Poisson equation
for the gravitational potential with a delta-function-like source gives a solution that is finite at the origin: it can be said that it is cut off at the elementary length scale. Of course, this requires a more detailed analysis.
